In this work, the notion of semi-injectivity of systems has been introduced and studied, which is a generalization of quasi-injectivity. We obtain a characterization of semi-injectivity analogous to that of quasiinjectivity. Certain class of subsystems which inheret this property have been considered. Finally, we studied the linear equation systems on this kind of injectivity.
Introduction and preliminaries
One of very useful notions in many branches of mathematics as well as computer science is the notion of systems of a semigroup or a monoid on a set. First we recall some facts about the category of systems which are relevant to our work. Let S be a semigroup with zero element 0, M be a non-empty set, and µ ∶ M × S → M , (m, s) ↦ ms = µ(m, s) be a mapping. The set M is called a (right) S-system or a (right) system over S, if the mapping µ satisfies:
1. m(st) = (ms)t for m ∈ M and s, t ∈ S.
m = O for all m ∈ M .
If this is the case, µ is called the action of S on M , and we write M S for right S-system M over S.
For each semigroup S we shall define S 1 by S 1 = S ∪ 1 where 1 is any symbol not in S and where multiplication on S is extend to S 1 by defining x1 = 1x = x for all x ∈ S 1 . With this operation so defined, S 1 is a semigroup (with identity). Also with this, each S-system M S becomes a unital S 1 -system by defining m ⋅ 1 = m for each m ∈ M .
A subset N of an S-system M S is called a subsystem of M if xs ∈ N for all s ∈ S and x ∈ N , and in this case we write N ≤ M S .
An S-homomorphism from an S-system A S to an S-system B S is a function α from A to B such that for each a ∈ A and s ∈ S, we have α(as) = α(a)s. The usual definition for S-monomorphism, S-epimorphism, S-endomorphism, S-isomorphism hold.
An equivalence relation θ on a right S-system M S is a congruence relation if and only if (a, b) ∈ θ implies that (as, bs) ∈ θ for all a, b ∈ M S and s ∈ S.
An S-system M S is called injective if for any S-monomorphism f ∶ A S → B S and any S-homomrphism h ∶ A S → M S , there exists an S-homomrphism h ∶ B S → M S such that hf = g.
An S-system M S is called weakly injective if, for every right ideal K of S and every S-homomorphism ϕ ∶ K → M S , there exists an m ∈ M such that ϕ(k) = mk for all k ∈ K.
Injective S-systems are weakly injective, but the converse does not holds in general. It was shown by Berthiaume [3] that, unlike the unitary R-module situation, this notion does not coincide with that of injectivity of S-systems. Berthiaume's counter examples was a semilattice considered as an S-system over itself.
It is well known that a submodule N is essential in M R if and only if it has nonzero intersection with every nonzero of M R . A subsystem N of an S-system M S is intersection large (∩-large or meet-large) in M S if the intersection of N S with any non-zero subsystem of M S is always non-zero. This is equivalent to saying that for each non-zero element m in M S , there is s ∈ S 1 such that ms is non-zero and ms ∈ N S , if this is the case we write N S ⊆ ′ M S . Feller and Gantos in [4] proved that every essential subsystem of M S is intersection large. The converse is false.
It is well-known that an R-module M R is injective if and only if M R has no proper essential extension [8] . The following theorem is due to Berthiaume [3] guarantees the existence of minimal injective extension which is unique up to isomorphism for any S-system M S . If N S is subsystem of M S and if M S is injective, then M S is called an injective extension of N S . Theorem 1.1 [5] The S-system M S is a maximal essential extension of N S if and only if M S is a minimal injective extension of N S . Every S-system M S has such an extension which is unique up to isomorphism over M S . ◻
The minimal injective extension of M S given in the above theorem is called the injective envelop of M S and denoted by I(M S ). Note that I(M S ) is the injective envelope of M S if and only if I(M S ) is injective and M S is essential in I(M S ). Definition 1.2 [9] The singular congruence ψ M on an S-system M S is a congruence on M S defined by aψ M b if and only if as = bs for all s in some intersection large right ideal of S.
Lopez and Luedeman in [9] introduced and studied the notion of quasiinjective S-system as a generalization of injective S-systems.
It is clear M S being injective implies that M S is quasi-injective, but the converse here is false. In fact quasi-injectivity does not implies weakly-injective, as in the following example adapted from [10] . Example 1.4 Let S be the semigroup {0, a, b} with ab = a 2 and ba = b 2 = b. Consider S an S-system over itself. S is quasi-injective S-system but it is not weakly-injective since the identity S-homomorphism can not be determined by left multiplication by an element of S, and consequently, it is not injective.
In [6] , Hinkle showed that when ψ M = i M (where i M is the identity congruence on M S ), the notions of essential and intersection-large are coincide. He also showed that if M S is weakly-injective and
The set of all S-homomorphisms from an S-system A S into an S-system B S is denoted by Hom S (A, B) . Under composition of functions Hom S (M, M ) is a semigroup called the endomorphism semigroup of M S and denoted by End S (M ). If the elements of K = End S (M ) left operators, then M is a (K, S)-bisystem, that is M is a right S-system and a left K-system such that α(ms) = (αm)s for all α ∈ K, m ∈ M S and s ∈ S.
The following result was proved in [9] . Theorem 1.5 Let M S be an S-system, I = I(M S ) and H = End S (I).Then
The above theorem states that, if M S is an S-system with ψ M = i M , then M S is quasi-injective if and only if M S is fully invariant over all elements of H. In fact, this statement is analogous to one in Ring theory [7] .
The present work is concerned with a generalization of quasi-injective systems Definition 1.6 An S-system M S is said to be semi-injective if for each subsys-
We obtain an analogous theorem to theorem 1.5 for semi-injective systems. we proved that every semi-injective S-system with ψ M = i M is fully invariant under each idempotent in the endomorphism semigroup of it's injective envelope. We studied those subsystem which are inheret the property of semi-injectivity from systems. Finally, as an application we are characterize semi-injectivity in terms of compatibility of system of equations.
Semi-injective systems
It is easy to show that the following is simpler form of semi-injectivity for systems Proposition 2.1 The following statements are equivalent for an S-system M S ;
1. M S is semi-injective; 2. For each S-endomorphism g of any subsystem N S of M S , there exists an S-endomorphism h of M S which extends g. ◻ Examples and Remarks 2.2 1. Every subsemigroup of a cyclic inverse semigroup with zero element is cyclic,(and hence every subgroup of cyclic group is cyclic).
Proof. Let G = ⟨a⟩ be a cyclic inverse semigroup with zero element e. Suppose H is a subsemigroup of G. If H = {0}, then H = ⟨0⟩. Otherwise there is a smallest positive integer d such that a d ∈ H. We will show that H = ⟨a d ⟩. Let h ∈ H, then h = a m for some integer m. Applying division algorithm, we can find integers u and r such that
2. Infinite cyclic inverse semigroups are semi-injective.
Let G = ⟨x⟩ be an infinite cyclic inverse semigroup generated by x, and H be any subsemigroup of G, then by (1)
it is clear that h is an extension of f . In particular the semigroup (N, +) is semi-injective (N, +)-system which is not quasi-injective.
3. Let S = {e 0 , e 1 , e 2 } be a totally ordered set with order e 0 < e 1 < e 2 . S is a finite commutative idempotent semigroup with identity element e 2 and zero element e 0 . Consider S as S-system itself. Let I be a subsystem of S S .Then I is of the form {e 0 }, {e 0 , e 1 } or {e 0 , e 1 , e 2 }. To show that S S is a semi-injective, it is enough to check the case I = {e 0 , e 1 }. For any S-homomorphism α ∶ I → I, then we have the following two cases: either α is the zero homomorphism or α is the identity homomorphism so α can be extended to zero homomorphism or to the identity homomorphism respectively.
In the following we show that the proposition 2.1 (2) holds enough for any ∩-large subsystem. First we need the following remark.The proof of it is clear so we omitted.
Proposition 2.4 An S-system M S is semi-injective if and only if for each
Proof. Let N S be a subsystem of M S and f ∶ N S → N S be any Shomomorphism. Then N S ⊍ N c S is ∩-large subsystem of M S , moreover f can be extended to an S-endomorphism g of N S ⊍ N c S by putting g(N c S ) = O. By the hypothesis of M S , there is an S-endomorphism h of M S which extends f . The other direction is trivial. ◻ Definition 2.5 Let M S be an S-system, I = I(M S ) be its injective envelope. An S-endomorphism f ∈ H = End S (I) is said to be ∩-large endomorphism, if there exist an ∩-large subsystem
The following lemma appear in [9] .
Lemma 2.6 Let f, g ∈ Hom S (M S , M S ) and suppose f and g agree on an ∩-
In the following we give a characterization of semi-injective systems in terms of intersection large endomorphism of their injective envelope.
Theorem 2.7 Let M S be an S-system with ψ M = i M , I = I(M S ) be its injective envelope and H = End S (I S ). Then M S is semi-injective if and only if M S is invariant over K.
Proof 
By using Zorn's lemma, let N S be the subsystem of M S that is the union of all subsystem
Otherwise there is an element y ∈ M S such that y ∈ N S . Then B S = N ∪ yS 1 is a subsystem of M S which contains N S properly. Since f n (N S ) ⊆ N S for all n ≥ 1, it follows from the semi-injectivity of M S , that for each n there exists endomorphisms g n of M S such that g
Then there exists an element s ∈ S 1 such that ys ≠ O ∈Ā, by definition of the systemsĀ i we have that h i (ys) ∈ M S for i = 1, ⋯, t, but g m (ys) ∈ M S for all m ≥ 1. Now if 
. We can formulate this concept for subsystem as follow: A subsystem N S of M S is said to be stable if α(N S ) ⊆ N S for all α ∶ N S → M S . Proposition 2.13 Let M S be a semi-injective S-system. Then every ∩-large quasi-injective subsystem of M S is stable.
Proof. Let N S be any ∩-large quasi-injective subsystem of M S and f ∶ N → M be an S-homomorphism, since
◻ Proposition 2.14 Let M S be a semi-injective S-system, I(M S ) be its injective envelope and = End S (I(M S )) with ψ M = i. If there is an ∩-large epimorphism f from M S onto I(M S ), then M S is injective. Proof. Consider the following diagram
Where i is the inclusion mapping of M S into (M S ). By injectivity of I(M S ) there exists an S-homomorphism g ∈ H such that g
and by theorem 2.7,
15 A subsystem N S of an S-system M S is said to be quasi-stable (q-stable) if for any S-system A S and any
Proposition 2.16 A subsystem N S of S-system M S is q-stable if and only if for each subsystem
Proof. The "only if" part is clear. Conversely for each S-system A S and any
Definition 2.17 A subsystem N S of an S-system M S is said to be dual quasistable (dq-stable) if given homomorphisms f , g ∶ A → M , with f is monomorphism, and
Proposition 2.18 Every q-stable subsystem of S-system M S is dq-stable, and the converse true under quasi-injective system. Proof. Let N S be a q-stable subsystem of M S . For any S-system A S and S-homomorphism, g ∶ A S → M S , with f is monomorphism, and
and Im(f ) ⊆ N S , then the S-monomorphism f ∶ A S → N S , and S-homomorphism g ∶ A S → M S , we have h(N S ) = h ′ (N S ) ⊆ N S . Conversely, let M S be a quasi-injective S-system, and N S is dq-stable in M S . For any S-system A S and each
Example 2.19 Let S = {a, b, c, e} with operation a, b are left zero, ca = cb = a, e is identity. aS = {a} is not stable in S S . For consider α ∶ aS → S defined by α(a) = b, α is S-homomorphism and α(aS) = bS ⊈ aS. We claim aS is q-stable (and hence dq-stable). In view of proposition 2.16. The only subsystem of aS is aS itself. For each g ∶ aS → S S with Im(g) ⊆ aS, then g = i aS . For each h ∶ S S → S S with h○i = i implies that h = id S is the only such S-homomorphism and hence h(aS) ⊆ aS. This shows that aS is dq-stable.
Theorem 2.20
For any semi-injective S-system M S the following condition hold:
1. A dq-stable (q-stable, stable) subsystem of M S is semi-injective (quasiinjective).
2. ∩-large quasi-injective subsystem N S of M S is invariant under every endomorphism of M S .
Proof.
2. let N S be ∩-large quasi-injective subsystem of M S , and f ∈ End S (M S ).
3 Equational characterization of semi-injectivity Definition 3.1 Let A S be an S-system and B S a subsystem of A S .
1. The linear single variable equation system ∑ 1 = {s i x = a i s i (≠ 0) ∈ S, a i ∈ A, i ∈ I} is called compatible if ss i = ts j implies a i s = a j t ∀i, j ∈ I.
2. ∑ 1 is called strong B-compatible if there is b ∈ B S ↪ A S such that bs i s = bs j t implies b i s = b j t for all s, t ∈ S, i, j ∈ I.
Obviously, every strongly B-compatible linear single variable equation system is B-compatible. Proof. Assume that
∈ I} is strong B-compatible, then there exists b ∈ B S such that bs i s = bs j t implies b i s = b j t for all s, t ∈ S 1 and i, j ∈ I. Let B S be a subsystem of A S generated by the set {bs i } i∈I . Define the mapping f ∶ B → B by f (bs i ) = b i . If bs i = bs j for b ∈ B S , s i , s j ∈ S 1 and i, j ∈ I, then strong B-compatiblity of ∑ 1 implies that b i = b j and hence f (bs i ) = f (bs j ). This show that f is well defined. Further f (bs i t) = b i t = f (bs i )t, thus f is an S-homomorphism. Semi-injectivity of A S implies that there is g ∈ End S (A S ) which extends f . Then f (bs i ) = g(
Hence, bs i s = bs j t implies b i s = b j t, for all i, j ∈ I and s, t ∈ S 1 . Then ∑ 1 is strong B-compatible in A S . ◻ Proposition 3.4 Let S be a commutative monoid and A S be an S-system. If every B-compatible equation system such as ∑ 1 on A S has a unique solution, for each S-subsystem B S of A S , then A S is semi-injective. Proof. Suppose B S is an S-subsystem of A S and f ∶ B S → B S an S-homomorphism. For each b ∈ A S , if there exists s i ∈ S, s i ≠ 0, i ∈ I, such that bs i ∈ B S , then the linear equation system ∑ ′ 1 = {xs i = f (bs i ) 0 ≠ s i ∈ S, bs i ∈ B S , i ∈ I} must be strong B-compatible: since bs i s = bs j t implies that b i s = b j t and hence f (bs i s) = f (bs j t) so f (bs i )s = f (bs j )t for each s, t ∈ S and i, j ∈ I. By the hypothesis we get that ∑ ′ 1 has a unique solution x b (say) in A S . Define a mapping g ∶ A → A by
Since ∑ ′ 1 the system has unique solution then g is well-defined and g ∈ End S (A S ). To show that g is an S-homomorphism, that is g(as) = g(a)s, for all a ∈ A S , s ∈ S. For each s in S, if a ∈ B S , then as ∈ B S , g(as) = f (as) = f (a)s = g(a)s; if a ∈ B S and aS ∩ B S = {a0}, then g(a) = f (a0), consider as: If s = 0, then g(as) = g(a0) = f (a0) = f ((a0)0) = f (a0)0 = g(a)s. If s ≠ 0,then as ∈ B S . Since aS ∩ B S = {a0}. But asS ∩ B S ⊆ aS ∩ B S = {a0}, then g(as) = f (a0). Thus g(as) = f (a0) = f ((a0)s) = f (a0)s = g(a)s. If a is not in B S , but there exist s i ∈ S, s i ≠ 0, i ∈ I such that as i ∈ B S , then g(a) = x a . For an arbitrary element s ∈ S, if as ∈ B S , s ≠ 0, then there is i ∈ I ∋ s = s i , g(as) = g(as i ) = f (as i ) = x a s i = g(a)s i = g(a)s. If s = 0, then g(as) = g(a0) = f (a0) = f (a0)0 = x a 0 = g(a)s. And if as is not in B S , as i s = as i s ∈ B S , ∀i ∈ I. By commutability of S, we have g(as) = x as , x as denoted the unique solution of the strong B-compatible linear equation system ∑ ′ 1 = {xs k = f (as k s) 0 ≠ s k ∈ S, k ∈ K, as k s ∈ B S } in A S . Certainly I ⊆ K, so x = x a is also the unique solution in A S of ∑ Corollary 3.6 Let S be a cancellative and commutative monoid and A S be a torsion free S-system, the following conditions are equivalent for A S :
1. A S is a semi-injective S-system; 2. Every strong B-compatible linear single variable equation system such as ∑ 1 on A S possesses a unique solution;
3. Every strong B-compatible linear multivariable equation system such as ∑ 1 on A S possesses a unique system of solution. ◻
